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We give an algorithm to compute inhomogeneous differential equations for definite inte-
grals with parameters. The algorithm is based on the integration algorithm for D-modules
by Oaku. Main tool in the algorithm is the Gr\"obner basis method in the ring of differential
operators. We implement our algorithm as the package nk-restriction. $rr$ on the Risa/Asir
and give some examples.
1
$t=(t_{1}, \ldots, t_{m}),$ $x=(x_{1}, \ldots, x_{n})$ $\partial_{t}=(\partial_{t_{1}}, \ldots, \partial_{t_{m}}),$ $\partial_{x}=$
$(\partial_{x_{1}}, \ldots, \partial_{x_{n}})$ $m+n$ $m$
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$P_{0}\in I,$ $P_{1},$ $\cdots,$ $P_{m}\in D$ $P_{1},$ $\cdots,$ $P_{m}$
$P$
$x,$ $t$ 1 $($ $m=n=1)$ $A(x)= \int_{a}^{b}e^{-t-xt^{3}}dt$
$f(t, x)=e^{-t-xt^{3}}$ $D$ $I=\langle\partial_{t}+1+3xt^{2},$ $\partial_{x}+t^{3}\rangle$



































$w=(w_{1}, \ldots, w_{m}, w_{m+1}, \ldots, w_{n})$
$w_{1},$ $\ldots,$ $w_{m}>0,$ $w_{m+1}=\cdots=w_{n}=0$
: $I$ $x_{1},$ $\ldots,$ $x_{m}$
1. $\mathcal{F}(I)$ $w$
(a) $\mathcal{F}(I)$ $<(-w,w)$ $\{h_{1}, \cdots, h_{l}\}$
(b) $\mathcal{F}(I)$ $(-w, w)$ generic $b$ $b(s)$ so $b(s)$
(c) $s_{0}$ $0$ $D’$
(d) $m_{i}=ord_{(-w,w)}(h_{i})$ ,
$\mathcal{B}_{d}=\{\partial_{1^{1}}^{i}\cdots\partial_{m}^{i_{m}}|i_{1}w_{1}+\cdots+i_{m}w_{m}\leq d\}$,
$r=\#\{(i_{1}, \ldots, i_{m})| ilw_{1}+\cdots+i_{m}w_{m}\leq so\}$
(e) $\tilde{\mathcal{B}}=\bigcup_{i=1}^{l}\{\tilde{h}_{i\beta}:=\partial^{\beta}h_{i}=\sum c_{u,v}x^{u}\partial^{v}|\partial^{\beta}\in B$ $0-m_{i}\}$
$B=\{h_{i\beta}:=\tilde{h}_{i\beta}|_{x_{1}=\cdots=x_{m}=0}|\tilde{h}_{i\beta}\in\tilde{B}\}$
2. $\mathcal{F}^{-1}(\mathcal{B})$ $D’$ $(D’)^{r}$ $M$





$A(x)= \int_{R}f(t, x)dt$ , $R= \prod_{i=1}^{m}[a_{i}, b_{i}]$
$I=Ann_{D}f$ $t$ $J$ $p\in J$
$p- \sum_{i=1}^{m}\partial_{t_{i}}p_{i}\in I$
$p_{1},$ $\ldots,p_{m}\in D$
$p \cdot A(x)=\int_{R}p\cdot fdt=\int_{R}\sum_{i=1}^{m}(\partial_{t_{i}}p_{i})\cdot fdt=\sum_{i=1}^{m}\int_{R}\partial_{t_{i}}(p_{i}\cdot f)dt$ (1)
$p$ $A(x)$ (1) $0$
$p\cdot A(x)=0$
45
3(1) $0$ $p_{i}(1\leq i\leq m)$
1
D- $I$ $J\subset D’$ $p\in J$
$p- \sum_{i=1}^{m}\partial_{i}p_{i}\in I$ (2)
$p_{i}\in D(1\leq i\leq m)$
1 $J$ $\{g_{1}, \ldots, g_{t}\}$
$g_{j}(1\leq i\leq t)$ 1 (3) $q_{ji\beta}\in D$‘
$gj= \sum q_{ji\beta}\mathcal{F}^{-1}(h_{i\beta})$ $qji\beta$












$w=(w_{1}, \ldots, w_{m}, w_{m+1}, \ldots, w_{n})$ $w_{1},$ $\ldots,$ $w_{m}>0,$ $w_{m+1}=\cdots=w_{n}=0$
: $I$ $x_{1},$ $\ldots,$ $x_{m}$ $\{g_{1}, \ldots,g_{t}\}$ .
$gj(1\leq j\leq t)$ $g_{j}- \sum_{i=1}^{m}\partial_{ip_{ij}}\in I$ $p_{ij}\in D$ .
1. 1
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2. $g_{j}= \sum q_{ji\beta}\cdot \mathcal{F}^{-1}(h_{i\beta})$ $q_{ji\beta}$
$R_{j}=g_{j}- \sum q_{ji\beta}\mathcal{F}^{-1}(\tilde{h}_{i\beta})$ $R_{j}= \sum_{i=1}^{m}\partial_{i}p_{ij}$
3. $p_{ij}$
2( )
$F(x_{m+1}, \cdot\cdot\cdot, x_{n})=\int_{a_{1}}^{b_{1}}\cdots\int_{a_{m}}^{b_{m}}f(x_{1}, \cdots, x_{n})dx_{1}\cdots dx_{m}$ $(m\leq n)$
$f(x_{1}, \cdots ,x_{n})$
$F(x_{m+1}, \cdots, x_{n})$
[ ] $m=1$ 2 $m\geq 2$ 2
$m$ $m-1$
$m=2$
$F(x_{3}, \cdots, x_{n})=\int_{a_{1}}^{b_{1}}\int_{a_{2}}^{b_{2}}f(x_{1}, \cdots, x_{n})dx_{1}dx_{2}$ $(2\leq n)$
$f(x_{1}, \cdots, x_{n})$ $I$ $I$ $x_{1},$ $x_{2}$
$J=(I+\partial_{1}D+\partial_{2}D)\cap D’$ $(D’=K\langle x_{3}, \cdots, x_{n}, \partial_{3}, \cdots, \partial_{n}\rangle)$
$J$ $P$ $P=P_{0}+\partial_{1}P_{1}+\partial_{2}P_{2}$ $(P_{0}\in I, P_{1}, P_{2}\in D)$
$P$ $F$
$P \cdot F=\int_{a}^{b_{2}}2(P_{1}\cdot f|_{x_{1}=b_{1}}-P_{1}\cdot f|_{x_{1}=a1})dx_{2}+\int_{a_{1}}^{b_{1}}(P_{2} . f|_{x_{2}=b_{2}}-P_{2}\cdot f|_{x_{2^{=a}2}})dx_{1}$





$I$ : $P_{1}$ $P_{1}\cdot f$ $(Q\in I$ : $P_{1}$
$QP_{1}\in I$ $(QP_{1})\cdot f=0$ . $I$ $I:P_{1}$ ) $P_{1}\cdot f|_{x_{1}=b_{1}}$
1 $I:P_{1}$ $x_{1}=b_{1}$
$P_{1}\cdot f|_{x_{1}=a}1$ 2
$fi=P_{1}\cdot f|_{x_{1}=b_{1}}-P_{1}\cdot f|_{x_{1}=a_{1}}$ $I_{1}$ $J_{1}\cap J_{2}$
$I_{1}$ $x_{2}$
$K_{1}=(I_{1}+\partial_{2}D_{1})\cap D’$ $(D_{1}=K\langle x_{2}, x_{3}, \cdots, x_{n}, \partial_{2}, \partial_{3}, \cdots, \partial_{n}\rangle)$
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$K_{1}$ $P^{(1)}$ $P^{(1)}=P_{0}^{(1)}+\partial_{2}P_{2}^{(1)}$ $(P_{0}^{(1)}\in K_{1}, P_{2}^{(1)}\in D_{1})$
$P^{(1)}$ $F_{1}$
$P^{(1)}\cdot F_{1}=P_{2}^{(1)}\cdot f_{1}|_{x_{2}=b_{2}}-P_{2}^{(1)}\cdot f_{i}|_{x_{2}=a2}$
$f_{2}$ $I_{2},$ $I_{2}$ $x_{1}$ $K_{2}$
$P^{(1)}\cdot P\cdot F=P^{(1)}\cdot F_{1}+P^{(1)}\cdot F_{2}$
1 2 $K_{2}$ : $P^{(1)}$
$P^{(2)}$ $P^{(2)}P^{(1)}\in K_{2}$ $P^{(2)}P^{(1)}\cdot F_{2}$















$s$ $f$ $E_{s}-(x+y)$ $s$
Mellin ( $s,$ $E_{s}$ $p\partial_{p},p$ )
$K\langle x,$ $y,p,$ $\partial_{x},$ $\partial_{y},$ $\partial_{p})$ $I$
$I=\langle(x+y)\partial_{y}+p\partial_{p},$ $-\partial_{x}+\partial_{y},p-(x+y)\rangle$


































2 hyperexponential function $F(t, x)$ $\int_{a}^{b}F(t,x)dt$ $x$
Almkvist-Zeilberger (AZ
$)$ ([1]) hyperexponential function $\log$
3(AZ [1])
:hyperexponential function $F(t, x)$
: $x$ $\overline{S}(x, \partial_{x})$ hyperexponential function $G(t, x)$
$\overline{S}(x, \partial_{x})\cdot F(t, x)=\partial_{y}\cdot G(t, x)$





$\overline{S}(x, \partial_{x})\cdot F(t, x)=\partial_{t}\cdot G(t, x)$




$(\overline{S}(x, \partial_{x})-\partial_{y}H(t, x))\in Ann_{D_{2}}F(t, x)$
$\overline{S}(x, \partial_{x})$ $Ann_{D_{2}}F(t, x)$ $t$
$(Ann_{D_{2}}F(t, x)+\partial_{y}D_{2})\cap D_{1}$





$( \partial_{x}^{2}-4)\cdot F(x, y)=\partial_{y}\cdot(\frac{2}{y}F(x, y))$
$((\partial_{x}^{2}-4)-\partial_{y^{\frac{2}{y}}})\cdot F(x, y)=0$
2 $D_{2}$
$- 2x\partial_{x}\cdot F(x, y)=\frac{2}{y}F(x, y)$
$(( \partial_{x}^{2}-4)-\partial_{y}(-\frac{y}{x}\partial_{x}))\cdot F(x, y)=0$
$(x(\partial_{x}^{2}-4)+\partial_{y}(y\partial_{x}))\cdot F(x, y)=0$
$x(\partial_{x}^{2}-4)+\partial_{y}(y\partial_{x})\in Ann_{D_{2}}F(x, y)$ $x(\partial_{x}^{2}-4)$
$Ann_{D_{2}}F(x, y)$ $y$





$-\partial_{y}(-yx^{2}\partial_{x})$ $(P-Q)\in I\subset Ann_{D_{2}}F(x, y)$





$(4x^{2} \partial_{x}^{3}-12x\partial_{x}^{2}+7\partial_{x}+216x^{5})\cdot F=\partial_{y}(\frac{1}{y}(-216x^{1}1+(-108y^{6}+54y^{4})x^{5})\cdot F)$
[1525] $gosper_{-}int_{-}op$ $(\exp(-x^{\wedge}6/y^{\wedge}4-y^{\wedge}2),x,y)$ ;
$[4*x^{-}2*$dx $\wedge 3-12*x*$dx $\wedge 2+7*dx+216*x^{\sim}5$ ,
$(-216*\exp((-x^{arrow}6-y^{-}6)/(y^{\wedge}4))*x^{\wedge}11+(-108*\exp((-x^{\sim}6-y^{\wedge}6)/(y^{\sim}4))*y^{\wedge}6+$
$54*\exp((-x^{-}6-y^{\wedge}6)/(y^{-}4))*y^{\wedge}4)*x^{-}5)/(y^{\wedge}7)]$













4 (Chyzak ([4], Algorithm 2.))
: $f(x, t)$ $B$ .
: $P( \partial_{x})\cdot f=\sum_{i}\eta_{i}\partial_{x}^{i}f=\partial_{t}[Q(x, \partial_{x}, \partial_{t})\cdot f]$ $(P, Q)$ .
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1. $B$ $G$ $D/Annf$ $\{\partial_{x}^{\alpha}\partial_{t}^{\beta}\}_{(\alpha,\beta)\in I}$
2. $L=0,1,2,$ $\ldots$




(c) $(P, Q)$ $P= \sum_{i=0}^{L}\eta_{i}\partial_{t}^{i},$ $Q= \sum_{(\alpha,\beta)\in I}\phi_{\alpha,\beta}\partial_{x}^{\alpha}\partial_{t}^{\beta}$ .





$F(x, y)=ab \frac{1}{xt+y+t^{10}}dt$ .
13
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creative-telescoping ( $f,$ $[x$ : : diff, $y$ : : diff], $t$ : : diff):
time $()-ts$ ;
49. 583
Intel Xeon 5450 $(3.00GHz),$ $32$ GB
4.3 Oaku-Shiraki-Talayama
Oaku-Shiraki-Takayama ( OST ) $[a, b]$
Heaviside $R$








$a$ , OST $b$ [7, Chap 5]











$v_{n}(x)= \int_{0}^{\infty}u_{k}(t, x)dt,\overline{v}_{n}(x)=\int_{0}^{1}u_{k}(t, x)dt$ $(k=1, \ldots, 4)$
uk $(t, x)= \exp(-tx\prod_{i=1}^{k}(t^{2}-i^{2}))$
(Algorithm 2) OST a, b
1 CPU:Xeon











7 ( Gauss )
$\int_{p}^{q}t^{b-1}(1-t)^{c-b-1}(1-xt)^{-a}dt$









$P \cdot\int_{p}^{q}f(x, t)dt=\int_{p}^{q}(\partial_{t}(t-1)\partial_{x})\cdot f(x, t)dt=[(t-1)\frac{\partial f}{\partial x}(x, t)]_{p}^{q}$
8( )
$\int_{0}^{\infty}e^{-t-xt^{3}}dt$














$f(t, s)=t^{s}(1-t)^{s}$ $K(t,$ $s,$ $\partial_{t},$ $\partial_{s}\rangle$
$I_{f}=\langle(-t^{2}+t)\partial_{t}+(2t-1)s\rangle$
$p$ $s$ $(ie. p\cdot(t^{s}(1-t)^{s})=t^{s+1}(1-t)^{s+1})$
$(p-t(1-t))\cdot f(t, s)=0$
















$0$ Bessel $J_{0}(bx)$ $I=\langle b\partial_{b}^{2}+\partial_{b}+bx^{2},$ $x\partial_{x}^{2}+\partial_{x}+xb^{2}\rangle$
( $\nu$ Bessel $(x)$ $( \partial_{x}^{2}+\frac{1}{x}\partial_{x}+(1_{x}^{\nu^{2}}-\nabla))\cdot J_{\nu}(x)=0$ ).
$e^{-ax}$ $J=\langle\partial_{x}+a,$ $\partial_{a}+x\rangle$ $K\langle a,$ $b,$ $x,$ $\partial_{a},$ $\partial_{b},$ $\partial_{x})$
$I,$ $J$
$I’=(\partial_{a},$ $b\partial_{b}^{2}+\partial_{b}+bx^{2},$ $x\partial_{x}^{2}+\partial_{x}+xb^{2}\rangle,$ $J’=J=\langle\partial_{x}+a,$ $\partial_{a}+x\rangle$
$I’,$ $J’$ $e^{-ax}J_{0}(bx)$
$K=\langle b\partial_{b}\partial_{x}^{2}+2ab\partial_{b}\partial_{x}+(a^{2}b+b^{3})\partial_{b}+b^{2},$ $-b\partial_{b}\partial_{x}+b^{2}\partial_{a}-ab\partial_{b},$ $-b\partial_{a}^{2}-b\partial_{b}^{2}-\partial_{b}$ ,
$\partial_{a}\partial_{x}+a\partial_{a}+b\partial_{b}+1,$ $-\partial_{a}-x\rangle$
$K$ $x$
$\langle P_{1}=a\partial_{a}+b\partial_{b}+1,$ $P_{2}=-b\partial_{a}^{2}-b\partial_{b}^{2}-\partial_{b},$ $P_{3}=b^{2}\partial_{a}-ab\partial_{b},$ $P_{4}=(-a^{2}b-b^{3})\partial_{b}-b^{2}\rangle$
$P_{i}$ $Q_{i}$
$Q_{1}=\partial_{x}(-\partial_{a}),$ $Q_{2}=0,$ $Q_{3}=\partial_{x}(b\partial_{b}),$ $Q_{4}=\partial_{x}(b^{2}\partial_{a}+ab\partial_{b})$
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